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Abstract. Suppose that an algebraic torus G acts algebraically on a projective man- 
ifold X with gcncrically trivial stabilizers. Then the Zariski closure of the set of pairs 
{{x,y) & XxX\y = gx for some g £ G} defines a nonzero equivariant cohomology 
class [Ag] G Hq^q{X xX). We give an analogue of this construction in the case where 
A" is a compact symplectic manifold endowed with a hamiltonian action of a torus, 
whose complexification plays the role of G. We also prove that the Kirwan map sends 
the class [Ag] to the class of the diagonal in each symplectic quotient. This allows to 
define a canonical right inverse of the Kirwan map. 
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1. Introduction 

1.1. The purpose of this paper is to give a symplectic version of the following construc- 
tion in algebraic geometry. Let X be a smooth projective scheme over C of complex 
dimension n endowed with an algebraic action of an algebraic group G with generically 
trivial isotropy groups. Consider the following subset of X x X: 

Ag = {(x, ?/) G X X X I there is some g E G such that y = gx }. 

The set A^ is a constructible subset of X x X because it is the image of the algebraic 
map / :XxG— i>XxX defined as f{x,g) = {x,gx). This implies that the inclusion 
of Ag in its Zariski closure A^ C X x X has dense image with respect to the analytic 
topology (see Ex. 3.18 and 3.19 in Chapter II of [Ha], or §4.4 in [Hu]) and hence that 
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the dimension of Aq is equal to that of A^. Since the isotropy groups of the action are 
generically trivial, the dimension of is equal to n + dimG (see for example Ex. 3.22 
in Chapter II of [Ha]), so via the cycle map and Poincare duality Aq defines a nonzero 
cohomology class [A^jo G if 2(n-dimG)^j^ ^ X;Z). The set Aq is invariant under the 
product action of G x G on X x X (in contrast with the usual diagonal which is only 
invariant under the diagonal action of G on X x X). Using algebraic finite dimensional 
approximations of the classifying space BG together with a stabilization argument, one 
can apply the previous reasoning to define a nonzero equivariant cohomology class 

[AG]eH'J:a'''^''\XxX;Z). 

We call [Aq] the biinvariant diagonal class. 

1.2. In this paper we generalize the previous construction to symplectic geometry when 
G is the complexification of a compact torus T. We also prove some properties of 
[Aq], which we construct over the rationals and not over the integers. Let (X, a;) be a 
compact connected symplectic manifold of real dimension 2n, endowed with an effective 
Hamiltonian action of T, which for the moment we take to be S^. Denote by : X — > 
(iM)* the moment map and define the function /i : X — M as /i = (/U, i). Fix an invariant 
Riemannian metric on X of the form where / is an invariant almost complex 

structure on X. Let : X — > X be the downward gradient flow of h, defined by the 
conditions that is the identity and — —^^Vh. Define 

^c* = {{x, y) & ^ x X \ there is some t eR and 9 e such that y ^9 ■ ^^(x) }. 

When [a;/27r] e i?^(X; Z) and / is integrable then X is projective by Kodaira's theorem, 
the action of extends to an algebraic action of C*, and for any z & C* and x E X 
we have z ■ x = 9 ■ ^t{x), where 9 = z/\z\ and t = Inlz]. Hence this definition of Ac* 
generalizes the one in §1.1 and consequently, denoting by Ac* the closure of Ac* in 
the standard topology of X x X, the complement Ac* \ Ac* has a natural structure of 
stratified space of real dimension dim^ Ac* — 2. 

Unlike in the algebraic case, in general there is no reason to expect that Ac* \ Ac* has 
smaller dimension than Ac* in any sense which would allow Ac* to define a homology 
class of real dimension 2n + 2. However, using multivalued perturbations of the gra- 
dient flow equation (see for example §5.2 in [S], or §2.2 in this paper for the notion of 
multivalued perturbation) we can deflne a nonzero rational cohomology class 

[^c*]eHl^,-l,(XxX), 

which is morally the equivariant Poincare dual of the class represented by Ac* , and which 
coincides in the algebraic case with the class defined in §1.1. (Here and in the rest of the 
paper we omit the coefficients in (co)homology groups, which are always assumed to be 

Q.) 

The idea of considering multivalued perturbations for the gradient line equation to 
achieve simultaneously equivariance and transversality has been well known to experts 
for some time. For example, a sketch of this technique is explained in Lemma 4.7 of 
[McDT], where it is applied to the definition of the cohomology classes represented by 
stable and unstable manifolds. However, as far as we know a detailed exposition of this 
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construction applied to the gradient line equation does not exist in the literature, and 
this was one of the motivations for writing this paper. Note that, in contrast, full details 
have been given of the technique of multivalued perturbations applied to much more 
involved geometric problems, such as the construction of Gromov-Witten invariants or 
Floer homology [FO, LiTi, R, S]. 

1.3. The main result of this paper is, besides the definition of [Ac*], the computation 
of its image under the diagonal Kirwan map. Recall that if m is a regular value of h the 
symplectic quotient (or reduced space, or Marsden-Weinstein quotient) of X at m is 

Y,r^^h-\m)/S\ 

The Kirwan map is the morphism of rings 

defined as the composition of the restriction map H^i{X) — > Hgi{h~^{m)) with the 
Cartan isomorphism Hg^{h^^{m)) ~ if*(y„(), which exists because the action of on 
h~^{m) has finite stabilizers. Now [X x X)sixS^ can be identified with X51 x so 
Kiinneth's formula gives an isomorphism 

Hl^^s^X X X) ^ 0i7*,(X) ® H*s.{X). (1.1) 

Denote by : H^i^gi{X x X) H*{Ym x Ym) the Kirwan map for the quotient of 
X X X ai {m,m) e M^. Let [A^] G H*{Ym x F^) denote the Poincare dual of the 
diagonal class (Poincare duahty holds on Y^ with rational coefficients because Y^ is an 
orbifold) . We then have: 

Theorem 1.1. For each regular value m E M of h we have «;^([Ac*]) = [A^]. 

1.4. A right inverse of the Kirwan map at regular quotients. Let m e M be a 

regular value of the moment map. We deduce a number of consequences of Theorem 
1.1 by looking at {k^ <S> Id) [Ac*] as a correspondence in the sense of intersection theory. 
More precisely, using Poincare duahty PD : H^(Yrn) H'^^~'^~^(Yrn)* , we can write 

(PL>«)Id)o(«;^(8)Id)[Ac*] e H-'^-^-^iY^y^Hl.iX) ^ Qm{Y^Y ®Hl,{X). 

p+q=2n—2 q 

Hence [PD Id) o Id) [Ac*] gives rise to a degree preserving linear map 

l^:H*{Ym)^H*s,{X). 
Using Theorem 1.1 we prove the following. 

Corollary 1.2. The map Im is a left inverse of the Kirwan map, i.e., the composition 
i^m ° Im is the identity on H*{Y^). In particular the Kirwan map is surjective. 

The map 1^ is not in general morphisms of rings (see §5.4 for an example). 

To state the next corollary we need to introduce some notation. The Poincare dual of 
the class of the diagonal [A^] G H*{Ym x Y„i) gives rise to a nondegenerate quadratic Q,„ 
form on the homology H^{Ym) defined as Qm{ci, b) = {a® b, [Am]) for any a,b E H^{Ym) 
(this is the usual intersection product in homology) . We can define similarly a quadratic 
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form Qc on the equivariant homology H^^{X) by setting Qc{ck, P) — {a<S> P, [Ac*]) for 
any a,/3 e H^^{X). Theorem 1.1 imphes the following. 

Corollary 1.3. Let m he any regular value of the moment map and let : H^{Yjn) — > 
iff (X) be the dual of the Kirwan map. For any classes a,b & H^{Ym) we have 

Qc(K*m(a), K*m(b)) = Qm(a, b). 
Note that the quadratic form Qc is always degenerate. 

1.5. Modified product in equivariant cohomology. A way to encode the map Im 
is in terms of an associative ring structure on the equivariant cohomology of X which is 
different from the usual one. Given classes a,l3 E H^i{X) we define 

The product Um is associative because Im is a right inverse of Km- In a sense, this is 
nothing but the usual product in the cohomology of the symplectic quotient transported 
via Im to the equivariant cohomology. What makes this construction interesting is the 
possibility to define associative deformations of in terms of the so-called Hamiltonian 
Gromov-Witten invariants counting twisted holomorphic maps from CP^ to X, similarly 
to how the quantum product is defined (see [MTl, MT2] and the references therein). 

1.6. The case of singular quotients. When m is a critical value of h the Kirwan map 

can not be defined as in the case of regular values, since the cohomologies Hgi{h~^{m)) 
and H*{Ym) need no longer be isomorphic. In this situation, the quotient Ym being a 
singular stratified space, it is more natural to consider the (middle perversity) intersection 
cohomology IH*{Ym) rather than singular cohomology. Lerman and Tolman have shown 
in [LeTo] how to relate the equivariant cohomology of X to the intersection cohomology 
IH*(Ym)'- assuming that m belongs to the interior of h{X) (otherwise h~^{m) is a 
connected component of the fixed point set), they construct: 

• an S^-invariant Bott-Morse function h' : X ^ W, which is a slight perturbation 
of h, such that m is a regular value of h' and the action of on h'~^{m) has 
finite stabilizers; 

• a map / : h'-\m)/S^ h-\m)/S^ which is a small resolution and hence 
induces an isomorphism fn ■ I H* {h~^ [m) / S^) ~ H*[h'~^{m)/S^) preserving the 
intersection pairing. 

Let Y^ := h'~^{m)/S^ and let us denote by : H^i{X) H*{Y^) the composition 
of the restriction to h'~^{m) with the Cartan isomorphism Hgi{h'~^{m)) H*{Ym)- It 
seems natural to call the composition Hm = fn^ ° i^'m ihe Kirwan map for the singular 
quotient Y^ = h~^{m)/S^. Kiem and Woolf give in [KW] a definition of Kirwan maps at 
singular quotients for Hamiltonian actions of compact connected Lie groups. Presumably 
the map Km defined above can be obtained using their technique (but note that the 
Kirwan maps constructed in [KW] are not canonical in general, whereas Km is canonical). 
Let us denote by PD : IH^{Ym) I H'^''-'^-^ {Ym)* the Poincare duality map. 
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Theorem 1.4. The element {PD (g) Id) o (g) Id)[Ac*] G ®gIH'i{Ym)* H^s^(X) 
corresponds a degree preserving map l„i : IH*(Ym) — > H^i{X) which is a right inverse of 
the Kirwan map, i.e., Km o Im is the identity in IH*{Ym). 

1.7. Actions of any compact torus. Now suppose that X supports a Hamiltonian 
action of a compact torus T with Lie algebra t and moment map : X — > t* . Take a basis 
Ui, . . . ,Uq of t and consider continuous curves in X which are piecewise gradient hues 
for {ii^Uj) (see §6 for details). Considering multivalued perturbations of the gradient 
line equations which are invariant under the action of a generic subgroup 5"^ ~ Tq C T, 
one obtains a well defined cohomology class, which is independent of the basis {ui\ (but 
maybe depends on the choice of Tq) . One can then prove the following. 

Theorem 1.5. Let q he the dimension of T . Let c:^ Tq G T be a subgroup such that 
the Tq- fixed point set coincides with the T -fixed point set. There is a cohomology class 

[A?/] e <,-t'(X X X) 

such that, for each regular value met*, «;^([A^°'^]) = [A^]. 

Similarly as in the case of S^, the cohomology classes [A^°''^] give rise to right inverses 
of the Kirwan map 

l^^^ :H*{Ym)^H*AX). 

1.8. Some remarks and questions. If T = 5"^ acts on X is quasi-freely (i.e., all 

isotropy groups arc cither trivial or the whole circle) then both [Ac*] and the right 
inverse 1^ can be defined over the integers (using that the symplectic quotients are 
smooth and hence that Poincare duality holds over the integers). Moreover, one can 
perturb the gradient flow equation using standard perturbations (i.e., not multivalued), 
hence everything is much easier. An immediate corollary is that if iJ|,(X;Z) is torsion 
free then the cohomology of all symplectic quotients is torsion free. This is a particular 
case of Theorem 5 in [TW], since for quasi- free actions of the group H^{F;Z) is 
torsion free if and only if H^{X; Z) is torsion free (this can be proved using the fact that, 
the action being quasi-free, the moment map is a perfect Bott-Morse function over any 
finite field). 

An obvious question is whether the results in this paper extend to other situations in 
which the Kirwan map is known to be surjective: notably, the case of compact nonabclian 
groups (already considered by Kirwan) and the case of loop group actions, studied re- 
cently by Bott, Tolman and Wcitsman in [BTW]. More generally, given any Hamiltonian 
action of a group G on a symplectic manifold X, one would like to understand the set 
of cohomology classes [A^c] e Hq^q{X x X) such that for each regular value a G 0* 
of the moment map /x, denoting by = iJ,''^{a)/G the symplectic reduction, one has 
k^([Ag'c]) = [Aq,], where [Aq,] e H*(Ya x Ya) is the diagonal class. A particular case of 
this question is whether the classes [A^"''^] constructed in Theorem 1.5 depend on the 
choice of Tq. Another question is whether the class [Aq] can be defined over the integers, 
as is the case in the algebraic situation described in §1.1. 
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1.9. Contents of the paper. We now describe the contents of the remaining sections. 
In §2 we define the perturbed gradient segments which will be used to define the biin- 
variant diagonal. The biinvariant diagonal is defined, modulo Theorems 3.1 and 3.3, in 
§3. The proofs of Theorems 3.1 and 3.3 are given in §4. In §5 we prove Theorem 1.1, 
Corollary 1.2 and Theorem 1.4. Finally, in §6 we consider the case of higher dimensional 
compact tori and sketch the proof of Theorem 1.5. 

1.10. Acknowledgements. I wish to thank the referee for the suggestion to consider 
the case of singular quotients in §1.6. 

2. Perturbed gradient segments 

Recall that I denotes an S'^-invariant almost complex structure on X which is com- 
patible with ciJ, and that we consider on X the Riemannian metric cj(-, /■). Let X be the 
vector field on X generated by the infinitesimal action of i G iM ~ Lie 5*^. The function 
h satisfies dh — l^ou, so its gradient is V/i = IX. In order to define the cohomology class 
[Ac*] we consider generic S'^-invariant perturbations of the downward gradient equation 
7' = —IX{j). The possible presence of finite isotropy groups forces us to consider mul- 
tivalued perturbations in order to preserve 5'^-invariance, which is crucial to bound the 
dimension of Ac* \ Ac* (see Lemma 4.3). 

2.1. e-perturbed gradient segments and some lemmata. Let ci < • • • < G M be 

the critical values of h. Since the moment map is locally constant on the fixed point set 
F C X and F coincides with the set of critical points of h, we have h{F) — {ci, . . . , Cm}- 
Choose real numbers ai, . . . , Um-i satisfying 

Ci < Oi < C2 < • • • < Cm-l < Om-l < Cm 

and define Z C X to be the union of the submanifolds h^^{ai), . . . , /i~^(a^_i). Take a 
number /3 > satisfying Ci + P < < Cj+i — (3 for every i. Define 

Zi = h'Wtti - (3,ai + (3]) 

for each i and let Z' be the union Zi U ■ ■ ■ U Zm- Then the intersection F (1 Z' is empty. 

Definition 2.1. Let A G W be an interval and let e be a positive number. A smooth map 
^ : A X is called an e-perturbed gradient segment if: 

(1) = -IX{'j{t)) whenever 'J (t) ^ Z' and 

(2) there exists a tangent vector field V defined in an open neighborhood of the closure 
of-f{A) C X satisfying 7' = Vj, \V + IX\co < e and |V(V - IX)\co < e. 

Unless otherwise specified, the domain of an e-perturbed gradient segment will always 
be assumed to be an interval of R. Define the following quantities: 

M — sur/lIXl and m = inf|/A:'|. 

We will also always assume that e < m/2. This implies that if 7 : A ^ X is an e- 
perturbed gradient segment then {h o 7)' < 0, so 7 is and embedding and the closure of 
•J {A) is an embedded simply connected curve. 
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Lemma 2.2. Suppose that e < . Let 'j : A ^ X he an e-perturbed gradient segment 
and assume that B = 7~^(Zi) is nonempty. Then B is connected and 

length7(i?) ^ ^ sup/i(7(g)) -inf /^(7(^)) 

M + € ~ ' ' ~ m(m - e) ' ^ ' ^ 

Proof. We first estimate for any ^{t) e Z', using V/i = IX and Cauchy-Schwartz, 

(h o 7)'(f) = (7'(i), V/i) = -(/A", IX) + {-f'(t) + IX, IX) < -m^ + em. 

We prove that B is connected by contradiction. Suppose that to)^i ^ -B but that 
to < T < ti satisfies 7(r) ^ Zj. Then either /i(r) > + /9 or /i(r) < ai — {3. In the first 
case there must exist some t e [t, ti] such that (/i o 7)(t) = + /5 and (/i o 7)'(t) > 0, 
which by the estimate above contradicts our assumption e < m; the second case leads 
to a contradiction in the same way. Once we know that B is connected, integrating 
the inequahty {h o 7)'(t) < —m? + em along B we get the second inequality in (2.2). 
To get the first inequality in (2.2) we estimate for any 7(t) e Z', similarly as before, 
< + e, and then we integrate along B. □ 

For any z & Z and any real number 5 > we define the following set: 

S{z,5) = {cxp^v I V G TzX, V is perpendicular to X and \v\ < 6}. 

Let also R{z, 6) = ■ S{z, 6). U 6 is smaller than the injectivity radius then S{z, S) is 
a shce of the 5"^ action at z. Also, if 5 is small enough then R{z, S) can be identified 
with a solid torus (i.e., the product of a circle and a closed ball) contained in Z'. The 
generalized Gauss lemma for submanifolds (see e.g. Lemma 2.11 in [G]) implies that, 
given X E X and z E Z, 

d{x, ■ z) is small enough ^> d{x, ■ z) = inf{5 | x G R{z, 5)}. (2.3) 

Lemma 2.3. There exist positive numbers e, 5q with the following property. Suppose that 
^ : A ^ X is an e-perturbed gradient segment. Let z E Z and define, for any t & A, 
fit) = mi{S' I 7(i) G R{z,6)}. If fit) < 61 then f"{t) > 1. 

Proof. Take some z E Z and let S C T^X be the linear span of Xz and IX^. Let U G S-^ 
be a small neighborhood of 0. Ghoose some small r] > and let V — (—77, 77) x (—77, rj) x U. 
The map l : V ^ X defined as L(t,9,u) = $,t{e^^ ■ exp^u) is an embedding and liV) is 
a neighborhood of 2; in X (recall that C,t is the downward gradient fiow of h). We can 
identify O = {0} x {—ri,ri) x {0} C V with i~^{S^ ■ z). Gonsider the Riemannian metric 
on V defined by dg"^ — dt"^ + dO"^ + du'^ , where du'^ is the restriction to S-^ of the Euchdean 
pairing in TzX, and let do be the distance in V induced by dg"^. The integral curves of 
dL^^{IX) on V are given by •yit) := (t,9Q,UQ) for some constant (^^oj'^^o) ^ {~VjV) ^ U, 
so the function /o(t) := dQ{j{t),0)'^ satisfies /o(t) = 2. Let d be the distance in V 
induced by the distance in X via the inclusion l. If r) and e are small enough and V 
satisfies the hypothesis of Definition 2.1, then for any integral curve 7v of V the function 
/v = (i(7v, O)^ satisfies /y > 1. By (2.3) if / is small enough then f = fv- □ 

Lemma 2.4. Let e = m/2. For any 60 > there is some < Si < 60 such that if 
■J : A ^ X is an e-gradient segment and z & Z then ■j{llull{'j~^R{z,Si))) C R{z,Sq), 
where Hull denotes the convex hull. 
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Proof. Take a positive ^2 < such that for any z G Z we have R{z, 62) C Z'. Let d 
be the infimum for all points 2; G ^ of the distance between the boundaries dR{z,62/2) 
and dR{z,S2). If S2 has been chosen small enough, we have d > 0. Choose a positive 
Si < 82/2 in such a way that for any z & Z we have 

sup h- inf h< dm^/2M. (2.4) 

R{z,Si) R{z,Si) 

We prove that Si satisfies the requirement of the lemma, even replacing Sq by S2. Suppose 
that 7 : ^4 — >■ X is an e-gradient segment, and that for some z E Z there exist elements 
r < r' < t" of A such that 7(r),7(r") e R{z,Si) but 7(r') ^ i?(^,52). Let B = [r,r"]. 
By the triangle inequality length(7(i?)) > 2d. Combining both inequalities in (2.2) we 
have h{'y{T)) — h{'y{T")) > dm'^/2M, contradicting (2.4). This proves the lemma. □ 

Lemma 2.5. There exist positive numbers e, S with the following property. Suppose that 
J : A ^ X is an e-perturbed gradient segment. Let z E Z. Then 

(1) The preimage 'y~^R{z, S) G A is connected. 

(2) If ^ li^) ^ S) C dR{z, S) then ■-y~^R{z, S) consists of a unique point. 

Proof. Let Sq be given by Lemma 2.3 and let Si be the corresponding value given by 
Lemma 2.4. Let e be less than the e's in both lemmata and let S = Si. If 7 : ^4 — > X 
is an e-perturbed gradient segment and z E Z then by Lemma 2.4 the convex hull B of 
j~^R{z,S) satisfies j{B) C R{z,So). It follows that the function / : 5 — > R defined in 

Lemma 2.3 is convex, and hence '~f~'^R{z,S) H 5 is connected. Hence, B — j^^R{z,S) 
and so the latter is connected. This proves (1), and (2) follows similarly. □ 

Lemma 2.6. Suppose that ^ : A X is an e-perturbed gradient segment and that A is 
a closed interval. Let V be the vector field defined in a neighborhood 0/7(7!) as given by 
Definition 2.1. Then the following is true. (1) One can take open neighborhoods H (ZM 
(resp. O <Z X) 0/ /i(7(sup A)) (resp. 7(inf A)^ such that for any \ E H and any x eO 
there is a unique integral curve '^x,x '■ ^a,x X of V such that h{'-)x,x{^'^V ^\x)) = ^ 
and 7A,a;(inf y4) = x. (2) Take some point z E Z and define, for small enough S > Q, the 
following sets: 

E5 = {(A, x) E H X O \ 7^^i?(2;, S) consists of a unique point }, 

^5,1 — {{^y^) £ ^5 I Ixx^i^yS) bclongs to the interior of Ax,x}, 

'^5,2 = {(A,a:) E Tis \ t = ^xx^i^i^) ^ dAx^^: and 'y'xxi't) ^■^ not tangent to dR{z,S)}, 

Sa,3 = {(A,a;) G | t = 'j^l.R{z,S) G dAx^x md 'j'xxii) tangent to dR{z,S)} 

Then T^s,3 <Z H x O is a smooth submanifold of dimension 2n — 1 and T,s,i, ^s,2 <Z H x O 
are smooth submanifolds of dimension 2n. (2) If j — 1,2 and p — {\,x) G ^sj, then 
there is an open neighborhood p eU <Z H x O and an open interval D C M containing 
S such that {U fl S^/jj^/g/) defines a smooth foliation ofU. (3) Let I : H x O W be 
the map which sends (A, a;) to the length of 'jx,x{Ax^x) H R{z,S). Then I is a continuous 
function. 

Proof. Claim (1) follows from the existence and uniqueness of integral curves of smooth 
vector fields. Statement (2) follows from observing that V is tangent to dR{z, S) along a 
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codimension 1 submanifold of dR{z, S). Finally, (3) follows from the same arguments as 
in the proof of Lemma 2.3. □ 

2.2. J-perturbed gradient segments. In this section we define multivalued pertur- 
bations of the gradient flow equation 7' = in terms of infinitesimal variations of 

the almost complex structure. These perturbations are called multivalued because they 
are defined on finite nonramified coverings of the tori R{z,6). Take a point z E Z and 
suppose that the isotropy group of z has k elements. For any S small enough so that 
R{z, S) is a solid torus and smaller than the injectivity radius we define 

R\z,5) = {(a,x) eS^ X R{z,5) \ a e S{z, 6)}. 

Then the projection to the second factor 

TT : R^{z,6) R{zJ) 

is an unramificd covering of degree k because the set of elements 9 E such that 
9 ■ S{z, 5) = S{z, 6) coincides with the stabilizer of z (here we use that 6 is less than the 
injectivity radius). On the other hand, if we denote by O C R{z, S) the orbit through 
z, the covering tt~^(0) — > is isomorphic to the map which sends 9 to 9'^. It 

follows that 71"^ (O) is connected, and hence so is R^{z,6). Consequently, R^{z,S) IS a 
solid torus. Consider the action of on R^z, S) defined as 9 ■ {a, x) = {9a, 9 ■ x) for any 
9 E S^. This action is free and, with respect to this action, tt is equivariant. 

Let (V, 7]) be a symplectic vector space and let J C End V be the set of complex 

structures J G EndV such that ri{-, J-) defines an Euclidean pairing. The tangent space 
TjJ' can be identified with the space of endomorphisms j G End V satisfying jJ + Jj = 
and j + j*'' = 0, where j*'' is the dual of j with respect to rj. Hence the sections of the 
vector bundle 

E^{je EndTX I jl + Ij = 0, j+j*- = 0} 

can be identified with the infinitesimal deformations of / as an almost complex structure 
compatible with cu. The following lemma is elementary and well known. 

Lemma 2.7. For any ^ v eV and any J E J the map TjJ 3 j ^ jv E V is onto. 

Fix some point z E Z. The previous lemma implies that we can find ji, ■ ■ ■ ,jk ^ 
such that for any v G T^X the vectors ji{v), . . . ,jk{v) span T^X. Choose > smaller 

than the injectivity radius and the S in Lemma 2.5, such that R{z, Sz) is a solid torus 
and such that there exist sections Ji, . . . , G C'^{S{z. 6^); E) satisfying: (1) Ji{z) = ji 
and (2) for any z' G S{z, 6^) and tangent vector v G T^'X the vectors Ji{z')v, . . . , Jk{z')v 
span Tz'X. The puUback vector bundle 

n*E^R\z,6z) 

admits a canonical lift of the action on RK Since such action is free and {1} x S{z, 6) C 
R^{z, 5) is a slice, one can extend uniquely the sections Ji, . . . , to equivariant sections 
. . . , j| of the vector bundle 7r*E. Denote by 

C C°°{R\z,Sz);7r*E) 
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the span of the sections J{, . . . , J". Let /3 : R — > ]R>o be a smooth nonincreasing function 

satisfying, for a small e > 0, (3{t) = 1 if t < e and f3{t) = if t > 1 — e . For any positive 
S < 6z denote by rj^^s : R{z, S^) M>o the unique invariant function whose restriction to 
S{z,Sz) satisfies ^^^^^(expt;) = P{\v\/6) for any v e T^X. 

To state the following lemma we need to introduce some notation. Let e > be 
a small real number, let r > and let 7 : [0, r] ^ X be an epcrturbcd gradient 
segment whose image intersects the interior of R{z,dz)- Combining Definition 2.1, the 
deduction before Lemma 2.2, and Lemma 2.5, we deduce that there exists a connected 
and simply connected neighborhood U C R{z, Sz) of 7(A) fl R{z, 6z) and a vector field 
V on U which is tangent to 7. Choose a lift a : C/ — > R^{z, Sz)- If j G is sufficiently 
near 0, then one can define 7j : [0,r] ^ X by the properties 7j(0) = 7(0) and 7j(t) = 
V^.(t) — rjz,s{i o (J o 'yj){t)Xjj(^t) (one only needs that, for any t E [0, r], j.j{t) stays in U). 
Hence e(j) = 7j(r) is defined for any j contained in a small neighborhood of in J^. 

Lemma 2.8. If e is small enough then the map e is differentiable and the differential 
de{0) : ^z T^ir) is onto. 

Proof. It follows from standard results on ODE's and the definition of J^, using for 
example the same coordinate charts as in the proof of Lemma 2.3. □ 

The union of the interiors of the sets R{z, 5z) as z runs over all points in Z contains 
Z, so by compactness one can take points Zi,...,Zs € Z such that Z is contained in 
the union of the interiors of the sets Let Ri = R{zi,6zi), rji = r|z^,s^^ and 

rI = R^{zi, Sz^) and Jj = J^.. Assume that e is small enough so that Lemmata 2.5 and 
2.8 hold true. For any j e Jj define ||j|| = sup^« \ j\ + sup^« \'^{vd)\ ^^'^ also 

J = {{ji, . . . , js) G Ji X ■ ■ ■ X Jr I ||jj|| < e/s for each i }. 

Let J = (ji, . . . ,js) G J. A J-perturbed gradient segment is a tuple (7,7^, . . . ,7!), 
where 7 : A — > X is an e-perturbed gradient segment and each 7^ : 7~^i?i — > is a lift 
of the restriction of 7, so that tt o 7I = 7 holds on 7~^-Rj, satisfying the equation 

i = -{I + Ylv^Ml!))X,■ (2.5) 

i 

If j'^Ri is empty then 7? and its contribution in the differential equation can be ignored. 
Since J G J and the functions rji are everywhere < 1, equation (2.5) implies that 7 is an 
e-perturbed gradient segment. Let act on J-perturbed gradient segments as 

^•(7,7f,---,7D = (^-7,^-7f,---,^-7!)- 

Note that 9 • is a lift of ^ • 7 because the covering maps % : rI ^ Ri are equivariant, 
and equation (2.5) is preserved because /, ji and rji are invariant. 

2.3. We define an oriented chain of J-perturbed gradient segments to be any 
tuple C = {K, Ki, . . . , Ks,b), where C X is a compact subset, each Ki C i?f is a 
compact (possibly empty) subset and b & K, subject to the following conditions. 
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(1) There is a continuous injective map p : B ^ X, where S C IR is a compact 
interval, which induces a homeomorphism between B and K. 

(2) For each i, B^ = p~^Ri is connected and tt : RI ^ Ri induces a homeomorphism 
between Ki and p{Bi) (the latter set is independent of the parametrization p). 

(3) The set p~^{F) is finite and for each connected component B' C B\p~^{F) there 
is a J-perturbed gradient segment (7 : A — > X, 7f,...,7|) and an increasing 
homeomorphism g : B' ^ A such that "J o g — p\b' and the image of 7? coincides 
with Ki. 

(4) The point b is either p(inf B) or p(sup B) (this indicates the orientation of the 
chain of gradient segments). 

We call b the beginning of C. If 6 = p(supS) then we define the end of C to be 

e = p(inf B). Otherwise we define e = p(sup B). Given a chain C = {K, Ki, . . . , Kg, b) 
we define d{Ki) = sup{d{x, dR^) \ x G -ft'j}, where d{x, dR\) is defined using the pullback 
to of the Riemannian metric on X (if Ki is empty then we set d{Ki) = 0). Define the 
distance between two chains C = {K, Ki, . . . , Kg, b) and C = {K', K[, . . . , K'^, b') as 

d{C, C) = dniK, K') + d{b, b') + ^ dn^Ki, Kl)d{Ki)d{K^), (2.6) 

where dn denotes the Hausdorff distance between sets, in the first summand using the 
Riemannian metric on X and in the third summand using its pullback to rI via tt. 

2.4. The space of oriented chains of perturbed gradient segments. Denote 
by Cj the set of oriented chains of J-perturbcd gradient segments modulo the rela- 
tion which identifies two chains C, C whenever d{C, C) = 0. Note that if the chains 
C = {K,Ki,...,Ks,b) and C = {K' , K[, . . . , K'^,b') are different but d(C, C") = 0, 
then K = K' and for any i such that Ki ^ K[ both Ki and K[ are contained in the 
boundary and hence, by Lemma 2.5, consist of a unique point each. Take on Cj 
the topology induced by the distance d, and define an action of on Cj componentwise: 
9 ■ {K, Ki, . . . , Kg, b) = {6 ■ K,6 ■ Ki, . . . ,6 ■ Kg, 9 -b). One checks that this action maps 
elements of Cj to elements of Cj using the action of of J-perturbed gradient segments 
defined above. The proof of the following lemma is straightforward. 

Lemma 2.9. Cj is compact, the action of on Cj is continuous, and the map 

(b,e) :Cj ^ X X X 
given by sending each C &Cj to its beginning and end is continuous. 

3. Definition of the class [Ac*] 

3.1. For any J G define Cj C Cj as the set of chains of perturbed gradient segments 
{K, Ki,..., Kg, b) such that fl F = 0. We say that C = {K,Ki,..., Kg, b) is tangent 
to if 7^ n i?j C dRi which implies by Lemma 2.5 that K (iRi is one point. Define 
Cj° as the set of chains C G Cj which are not tangent to any Let Oj be the degree of 
the covering tt : it!f — > Ri (equivalently, the order of the isotropy group of Zi) . We define 

weight : ^ Q 
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by sending C — (K, Ki, . . . , Ks, b) e Cj'^ to the product o^^^ . . . o^J^, where {ii, . . . , i„} is 
the set of i such that KdRi ^ (/} (since C e Cj° this imphes that KnRi contains points 
in the interior of Ri). The next theorem will be proved in §4.1. 

Theorem 3.1. For any C & Cj there exist oriented connected manifolds Ui, .... Un of 

real dimension 2n + 1 and continuous maps (pj : Uj Cj satisfying these properties: 

(1) For any j the map rjj : f/j ^ M x X which sends u E Uj to {hoeo (pj [u) ,bo(j)j (u)) 
is a local diffeomorphism preserving the orientation. 

(2) The union 4>i{Ui) U • • • U (pNiUj^) is a neighborhood of C in Cj. 

(3) IfCe Cj'° then N can be taken to be I. 

3.2. We briefly recall the notion of pseudocycle introduced in §6.5 of [McDS]. Let N 
be a smooth manifold. A subset R C N is said to have dimension at most d if there is 
a d-dimensional manifold S and a smooth map g : S ^ N such that R C g{S). Given 
a smooth map f : M ^ N of oriented manifolds, the omega limit set of /, denoted 
flf (Z N, is the intersection of all closed subsets f{M\K) C N as K runs over the 
collection of all compact subsets of M. If M has dimension d, the map f : M ^ N is 
called a d-dimensional pseudocycle if ^1/ has dimension at most d—2. Two d-dimensional 
pseudocycles f : M N and /' : M' — > N are called bordant if there is an oriented 
manifold W of dimension d + \ with boundary dW = M U {—M') and a smooth map 
F -.W ^ N extending / and /' such that has dimension at most d—1. In Remark 
6.5.3 of [McDS] a construction is given which assigns to any d-dimensional homology 
class [3 G Hd{N) a bordism class of o?-dimensional pseudocycles f : M ^ N. We say 
that the f : M N represents (3. 

Recall that two smooth maps a : M ^ N and a' : M' — > N are said to be transverse 
if the map {a, a') : M x M' ^ N x N is transverse to the diagonal An d N x N. In this 
situation, the set CS{a,a') := {{x,x') G M x M' \ a{x) = a'{x')} is a submanifold of 
M X M' of dimension dimM + dimM' — dim (here CS stands for Cartesian Square). 
If a : A — > i? is a submersion, then a is transverse to any smooth map a' : A' ^ B. The 
proof of the following lemma is straightforward. 

Lemma 3.2. Suppose that a : M —>■ N and a' : M' —>■ N are two transverse maps 
satisfying Qq, fl a'{M') — a{M) fl fta' — 0- Then CS{a, a') is a compact submanifold of 
M X M'. 

3.3. Define the set Vj = x Cj and let 

e,j -.Vj ^ X X X (3.7) 

be the map Qj{0, C) = {d-h{C), e{C)). Considering the action of 5^ x S"^ on V,j given by 
(a, [3) ■ {9, C) = {a(3~^9, (3 ■ C) and the product action on X x X, the map 0j is x 
equivariant. For any natural number A let S\ be the unit sphere in C^"^^ centered at 
the origin. Scalar multiplication gives a free action of on S'a and hence a structure 
of principal circle bundle on the quotient map Sa CP^ = Sa/S\ The bundles 
Sa — CP^ provide finite dimensional approximations of the universal circle fibration. 
Define £'a = -S'a x Sa and Ba = CP^ x CP^. The natural projection p : Ea ^ Ba endows 
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E\ with a structure of principal x bundle. Since ©j is equivariant, it induces a 
map 

©j,A : rj,K = Et, Xgi^s^ Vj ^ Xl := Ea x 51^51 (X x X). (3.8) 

The manifolds B\ and X x X have natural orientations, which induce an orientation 
on We define a cohomology class [Ac*] a G in terms of its pairing with 

homology classes. The following theorem will be proved in §4.2. 

Theorem 3.3. Let f3 G H2n-2{XjJ , and let f : M ^ X^ be a pseudocycle representing 
f3. Let D C C°°(X^,TX^) be a linear subspace such that for any p G Xj^ the evaluation 
map D — > TpX\ is onto, and let D = {exp7 | 7 G D} C DifF(X|). There exists a 
residual subset 7?. C J x D such that for any {J, ^) & TZ we have: 

(1) The set Tj^^ = {{x, y) G Vj,k x M \ Qj^a{x) = i o f{y)} is finite. 

(2) For any {x,y) G Tj^^ we have x e E^ XsixS^ (S^ x 

(3) Let {x,y) G T/,^ and let b = p{x). Let O C be a small neighborhood of b. 
Take a trivialization of E\\o and denote by ip : O x x Cj ^ Vj^\\o the induced 
homeomorphism. Suppose that x = ip{b,9,C). Let 4> : U Cj be a continuous 
map as given by Theorem 3.1, where U is an oriented 2n-\-l- dimensional manifold 
and <i>{U) is a neighborhood of C . Endow V = O x x U with its product 
orientation, and let (po '■ V ^ O x x Cj be the map (Ido, Id^i, 0). The 
differential 6 at ((6, 9, C),y) of the map 

{ejO'iPo<Po,Cof):VxM^Xl 

is an isomorphism of vector spaces. Define (t{x, y) = 1 if 5 preserves the orien- 
tations and (j{x,y) = —1 otherwise. Define also weight(a;) = weight(C). 

(4) The following number only depends on /? and A, and not on D, f, J, ^: 

Aa(/?) = Yl ^(^' y) weight (x) G Q. 

3.4. Definition of the biinvariant diagonal class. The map Aa : H2n-2iXl) — > Q 

defined by the previous theorem is clearly linear and hence is induced by a cohomology 
class [Ac.]a G i/^"~^(X^). To compare this class for different values of A, note that 
there is a natural homotopy class of inclusion B\ C i^A+i whose image is the product 
of two hyperplanes. This inclusion induces la ■ X^^ — > ^a+i- The same ideas as in the 
proof of (4) of Theorem 3.3 imply that 

4"-2[Ac.]a+i = [Ac*]a. 

For big enough A the map i^"^^ is an isomorphism and we can identify the cohomology 
groups ~ X X). Hence the class [Ac*] a defines an equivariant 

cohomology class 

[AcA&HXUXxX). 
We call [Ac*] the biinvariant diagonal class. 
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4. Parametrizing oriented J-perturbed chains of gradient segments 

4.1. Proof of Theorem 3.1. Let C = {K, Ki, . . . , Ks,b) e Cj and assume that the 
J-perturbed gradient segment (7 : A — > X, 7^ , . . . , 7I) parameterizes C, so ^4 C R is a 
compact interval, K — j{A) and Ki — ^l{'y~^Ri). Assume that b = 7(sup74). Let I' be 
the set of i's such that K intersects the interior of Ri and let I" be the set of i's such 
that C is tangent to Ri. Choose for any i G X' a small open neighborhood M? C R^ of Ki 
such that TT : — Mj := 7r(M|) is a diffeomorphism of open manifolds with boundary, 
and let (Xj : Mj — > M| be its inverse. For any i e I" let Qi — K H Ri, which by Lemma 
2.5 consists of a unique point, and let Qi — 'K~^{qi) C which consists of Oi different 
points. Let Q = Yliei" Qi- Given q = (qi) G Q, choose for each i E X" a. small open 
neighborhood Mf C i?f of qi such that vr : Mi := ^{mI) is a diffeomorphism of 
open manifolds with boundary, and let (Jj : Mj ^ mI be its inverse. Let X = X' U X". 
For any g G Q let Mq C X be an open neighborhood of 7(A) such that Mq H Ri <Z Mi 
for any i G X. Define the following vector field on Mg 

H = -(^ + E^^^'^(^^))'^- (4.9) 

Then 7 : A — > X is an integral curve of Vg. Furthermore, all the integral curves of 
Vq satisfy the conditions of Definition 2.1. Let Aq = h{'y{miA)) and xq — 7(sup74). 
Applying Lemma 2.6 to Vq we obtain an open neighborhood Uq — Hq x Oq G M. x X 
of {Xo,xq) and for each {X,x) G Uq an integral curve 7^,^ : Ax^x ^, which is an e- 
perturbed gradient segment. Let Kx^^ = 7A,a;(^A,a:) and let Kx^x,i = Kx^x ^ Ri- Taking 
Uq small enough we can assume that Kx,x,i is nonempty if and only if i G X. Define 

(j)qi\,x) = {Kx,x, Kx,x,i, ■ ■ ■ , Kx,x,s,lx,x{^^P ^\x))- (4-10) 

Then dq^X.x) G C;, because it can be parametrized by the J-pcrturbcd gradient seg- 
ment i^x,xnx,x,i, ■ ■ ■ nx,x,s), where 7^ : 7^^^* ^ RI is equal to o-j o 7^. In this way 
we have defined a continuous map (pq : Uq ^ Cj. Picking the right orientation of Uq 
claim (1) of Theorem 3.1 holds trivially. We prove that \Jq^Q<t'q{Ug) is a neighbor- 
hood of C in Cj, which is claim (2) of the theorem. By (1) in Lemma 2.5 for any 
C = {K', K[, . . . , K'g, b') G Cj each intersection K' n Ri is connected, so if C lies suffi- 
ciently near C the compact K' must be an integral curve of one of the vector fields Vq. 
When C G Cj ° the set X" is empty, so there is a unique open set U and map (p : U ^ Cj ° 
whose image is a neighborhood of C. This proves (3). Finally, to deal with the case 
b — 7(inf ^4) we proceed exactly as before, replacing the last entry in (4.10) by x. 

4.2. Proof of Theorem 3.3. Let C = {{J,C) \ J e I, C G Cj}. Define the distance 
between points in C as d{{J, C), (J', C')) = \\J - J'\\ + d{C, C), where if J = (ji, . . .,js) 
and J' then \\J-J'\\ = - + . . . + _ and d{C, C) is defined 
as in (2.6). Consider on C the topology induced by this distance and define the maps 

{b,e) -.C ^ X X X 
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by mapping (J, C) e C to (6(C), e(C)), where 6(C), e(C) are defined in §2.3. Consider 
also the projection 

TTj : C ^ J 

sending any (J, C) G C to J. For any integer r let C' = {(J, {K, . . . )) E C \ fl F = r} 
be the set of perturbed chains which meet the fixed point set at r points. Fix from now 
on an orientation of J. 

Lemma 4.1. Let K = (J, {K,...))e C° and let C = {I \ K n int i?; = 0, K n dRi ^ 0}. 

For any I & C let qi E Ri he the unique point of intersection of K with Ri (see (2) in 
Lemma 2.5), and let Qi C Rf be the preimage of qi. Let Q = H/g/;^'' 

(1) There exists a collection of connected oriented open manifolds {Uq}q^Q of dimen- 
sion equal to 2n + 1 + dim J and continuous maps : Uq ^ C such that the union 
[Jq(zQ^q(p^q) is neigkborkood o/K in C. 

(2) For any q both ttj o ^q : Uq ^ J and {b, e) o $g : Zig ^ X x X are smooth maps. 

(3) For anyleC define Oi := {{J, {K, . . .)) e C \ K int i?; = 0}. Define also, for 
any q, Oq,i = ^q\Oi). If q = (qi) ^ q' = {q'l), then we have ^'^^q^Uq')) = 
Clqi^q' boundary dOq^i C Uq is the disjoint union of smooth submanifolds 
Sq,i,i,Sq^i^2,Sq^i^3 of codimensions 1 , 1 and 2 respectively. 

Proof. (1) and (2) follow from the same arguments as the proof of Theorem 3.1 given 
in §4.1, replacing X hy S x X and choosing the perturbations ji in (4.9) using the 
coordinate in J (note that C corresponds to T") . The first statement in (3) follows from 
the construction; in the second statement, the submanifolds »Sqj,j are the analogues of 
the submanifolds S^^j in Lemma 2.6. □ 

Lemma 4.2. Let r > 1 be an integer. There is a countable collection of connected 
smooth manifolds {Vr,i}i<=n of dimension 2n + 1 — r and continuous maps 'ifr,i '■ ^r,i ~^ 
such that: (1) the union UigN ^nK^r,*) equal to (2) for each i the compositions 
{b, e) o j : Vr,i X X X and ttj o j : Vr,i J are smooth maps. 

Proof. Given a closed interval [u,v] C R we define C{[u,v]) C C as the subset of all 
K G C such that h{b(K)) = u and /i(e(K)) = v. More generally, for any interval A C M, 
let C{A) to be the union of all the sets C{B) as B runs over the collection of the compact 
subintervals of A. Define also for any r the set C^i^A) = C r\C{A). We prove the lemma 
in several steps. 

Step 1. Let C-^ — \_\r'>r^^' ■ straightforward to check (as in Lemma 2.9) that 

the projection ttj : C-^ ^ J is proper. Furthermore, is open in C-^ so, defining 
for any integer a the subset C'" = {K E C \ d{K,C-'"^^) G [2-", 2-"+^]} C the 
restriction of ttj to each C^'" is proper, and also C = Ua^*^'"- Hence it suffices to 
construct for any K G C a collection of connected manifolds Vi, . . . , Vp of dimension 
2n + 1 — r and continuous maps : Vj ^ C satisfying (2) of the lemma and such that 
^'i(Vi) U ■ ■ ■ U ^p(Vp) is a neighborhood of K in 

Step 2. Let A = [-u, f] C M be a compact interval such that A D int h{Z') ^ and let 
K G C^{A). We claim that there exist connected open manifolds Vi, . . . , Vr of dimension 
equal to 2n — 1 + dim J and continuous maps : Vj ^ ^(^) satisfying: (1) the union 
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^'i(Vi) U ■ ■ ■ U \l/^(Vr) is a neighborhood of K in C{A), (2) for any i the composition 
TTjo^I/j : Vj J is a smooth map, and (3) the map (feo ^Pj, e o ^Pj) : Vj h~^{u) x h~^{v) 
is a smooth submersion for each i. Except from (3) everything follows as in the proof of 
Lemma 4.1, and (3) is a consequence of Lemma 2.8. Similar statements hold replacing 
[w, v] by {u, v] and [u, w), replacing the map {h o \E'j, e o by 6 o in the first case and 
by e o in the second one, and decreasing the dimensions of V-,, one unit. 

Step 3. Let again A = [-u, f ] C M be a compact interval, and let K = (J, {K^ ■ ■ ■ )) ^ 
C^{A). We claim that there exist connected open manifolds Vi,...,Vr of dimension 
equal to 2n — 2 + dim J and continuous maps : Vj ^ C{A) satisfying: (1) the union 
^i(Vi) U ■ ■ • U ^r(Vr) is a neighborhood of K in C{A), (2) for any i the compositions 
TTjo^Pj : Vj ^ J and (6o eo : Vj ^ h^^{u) x h^^(v) are smooth maps. This can be 
proved as in the proof of Lemma 4.1 using the (un)stable manifold theorem for critical 
sets on normally hyperbolic vector fields (see e.g. Theorem 4.1 in [HPS]). To be more 
concrete, suppose for simplicity that Ar\h{Z') = 0, let K = (J, {K, . . . )) G C^{A) and let 
F' C -F be the connected component to which K (1 F belongs. Let 7r± : W± F' be the 
(un)stable manifolds and the corresponding submersions for the vector field —IX. Then 
one can identify a neighborhood of K in C^{A) with (W+ Xp' W-) fl h~^{u) x h~^{v). 

Step 4. Now let r > 1 be any integer and let K = ( J, [K, . . .)) e . Assume that 

h{h{K)) < h{e(K)), the other cases (either the opposite inequality or equality) being 
analogous. Let K (1 F = {fi. .... /,.}, labelled in such a way that di = h{fi) < ■ ■ ■ < 
dr = h{fr)- Let ?7 > be small enough so that each Aj := [dj — ri,dj + rj] is disjoint 
from h{Z'). Assume also for simphcity that h{b(K)) < di — rj and h{e(K)) > dr + rj. 
Define the intervals Aq = {h{b(K)) — 77, rfi — 77], = [dr + f], /i(e(K)) + rj) and, for any 
i^j^r — l,A'j = [dj^i + 1], dj — T]]. Let Xj^± = h~^{dj ± rj). Then the following fiber 
product gives a neighborhood of K in C^: 

C%A',) xx,,_ C\A,) xx,,+ C'{A[) xx,,_ C\A2) x ■ ■ ■ x C\Ar) Xx^,^ C'{K). 

Here the fiber product is defined using the maps {b,e) : C^{Aj) — > ^j,- x Xj^^ and 
(6, e) : C^{Aj) Xj^^ x Xj^i_ for 1 < j < r — 1, the cases j = 0, r being the obvious 
generalizations. Using the results in Steps 2 and 3 and a simple computation with 
dimensions, the result follows. □ 

By the same argument as in Step 1 of the proof of Lemma 4.2, one can choose a 
countable set {K^} C C° such that, denoting by {l^u,q}qeQ^ the manifolds and by ^^^g : 
Uu,q —>■ C the maps constructed in Lemma 4.1 for K = K,^, the images ^i,^q{Uu,q) cover 
C°. Let also >S,^,g,i,i C Ui,^q denote the submanifolds given by the lemma. 

Let Ai = 3 X M. Let g : N ^ X^ a smooth map, where is a smooth manifold of 
dimension < 2n — 4, satisfying C g{N). Define N' = 3 x N. Consider the maps 

F:M^Xl G:N^Xl 

defined as F{^,m) = ^ o f{m) and G({,n) = ^ o g{n). Define also V — x C and 
Pa = £'a X giy^giV, and let the map 0a : Pa — ^ X^ be defined generalizing in the obvious 
way the map Qj^a in (3.8). Choose a covering of B\ by open sets in such a way 

that there exist triviahzations Ea\z^ ^ Z\xS^, and denote hy C,\ : Z\X xC ^ Va\zx 
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the induced trivializations of the bundle Vx- Both maps F and G submersions, so they 
are transverse to the following compositions of smooth maps: 

and 

^\,r,i X {1} X Vr,i ^^^^A X 5^ X C — T^A — ^1, 

where t : {1} — > 5*^ is the inclusion. For the same reason F and G are transverse to the 
restriction of ei^i,^q to each of the manifolds Za x 5"^ x S^^q^i^i. Hence we have six countable 
sequences of smooth manifolds: G'&{exM,q, F), CS(eA,,.,g|zAxSix5,,qj,,> -^)) ^^{^'x,r,i-: P)-: ^^^d 
the same ones replacing F by G. We denote by CS the collection of all these manifolds. 
Each of the manifolds in CS projects smoothly to J x D, and by Sard's theorem there 
exists a residual subset Q C J x D of regular values of all these maps. Furthermore, 

dimCS(eA,^,g,F) = dimJ + dimD, 

dim CS(eA,^,g 1 2^x51x5,.,,,.,,^) = dim J + dim D- 1 for i = 1,2, 

and all the remaining manifolds in CS have dimension < dim J + dimD — 2. 

Lemma 4.3. Define for any J G J the preimage V,/,r,i := (ttj o ^j.j)^^(J). The omega- 
limit set f^ejA ^■^ contained in the union of the sets e\^j.^^{Zi x {1} x Vj,r,i). 

Proof. Let {xj} C Vj,a be a diverging sequence such that 0j,A(xi) converges in X^. 
Recall that p : B/^ denotes the projection. Passing to a subsequence we may 

assume that {p(xj)} C Z\ for some A, so that we can write CA^(xj) = {Pi,9i,'Ki) e 
Zx X X Cj. Passing again to a subsequence we may assume that Pi ^ (3, 9i ^ 6 and 
Kj K. Suppose that K = (J, (K, Ki, . . . , Kg, b)). Since {xj} diverges, K does not 
belong to Cj and consequently {yi, . . . , yr} := K n F (/), where we may suppose that 
h{yi) < ■ ■ ■ < h{yr). There are two cases to consider, either h{b) < h{yi) or h{yr) < h{b). 
In the first case consider the (discontinuous) map p : X ^ X defined by p{x) = x if 
h{x) > h{yi) and p{x) — 9 • x ii h{x) < h{yi). This map lifts to maps p : — > Rf. 
Define K' = (J, (K', K[, . . . , K'^, b')) by setting K' = p{K), K[ = p{Ki), b' = p{b) = 9-b. 
It turns out that K' G Cj and that <I>j,a o 9, K) = <I>j,a o CiW-, 1, K'), so the result 
follows from (1) in Lemma 4.2. The case h{yr) < h{b) is dealt with similarly. □ 

Combining the previous lemma with the estimates above on the dimensions of the 
manifolds in CS, together with Lemma 3.2, it follows that for {J^^) G TZ the space Tj^^ 
is a zero dimensional compact manifold. This proves (1) of Theorem 3.3. Claims (2) and 
(3) also follow from the estimate on the dimension. To prove Claim (4), suppose that 
(J, .^), (J', G TZ. By standard arguments, there exists a smooth path 7 : [0, 1] ^ J x © 
going from (J, ^) to {J',0 which is transverse to the projections to J x D from each of 
the manifolds in CS. This implies (using again the estimates on dimensions. Lemma 3.2 
and Lemma 4.3) that 

T^{{x,y,t)eVAxMx [0, 1] | 7i{x, y) = ^{t), QAix) = F{y)} 
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is compact oriented graph (here vr : Pa x — > J x D is the projection). More precisely, 
there is a decomposition T — %dge U T^ertex U 7g, where 

Vertex = {{x, y, G T | X G Ca(-2^a X 5"^ X for some A, g, Z and i e {1, 2} }, 

and hence, by transversahty, is a finite set, and 

= {(x, I/, t) e r 1 1 e {0, 1}} = rj,5 u Tj,,^,. 

Finally, T^dge = ^ \ (Vertex U 7g) is an oriented 1-manifold, so each of its connected 
components (which we call edges) 7 has a beginning and an end, begin(7), end(7) G 
T^ertex U Tq. For cach "p G T^crtcx U 7g there is a positive integer /c, which is equal to 1 if 
and only if p G Tg, and a neighborhood of p in T homeomorphic to a neighborhood of in 
G C I G M>o}- In particular any p G 7^ is an extreme (either beginning or end) of a 
unique edge. Denote, for any p = (x, t) G 7^, a(p) = (T(a;, y). Reversing the orientation 
of T if necessary, we may assume the following. For any "p G T/^^ C Tq belonging to the 
extremes of 7, oiji) = 1 if p = begin(7), and oij)) = — 1 if p = end(7); similarly, for any 
p' G Tji^^i C Tq belonging to the extremes of 7', cr(p') = —1 if p' = begin(7'), and a(p') = 
1 if p' = end(7'). Denote, for any p = {x,y,t) G %dge, weight(p) = weight(a;). This 
defines a locally constant function on %dge so for any 7 G Tro{%dge) we have weight (7) G 
Q. For any p G 7;.crt,cx we have Ebcgin{7)=p weight(7) = Ec„d{7)=p weight(7), where both 
sums run over the set of edges. Putting together all these observations, we deduce that 

(7(a;,y) weight(a;) = ^ a{x,y) weigh.t{x), 

which is what we wanted to prove. The same ideas allow to prove that Aa(/5) is in- 
dependent of the chosen pseudocycle f : M ^ X^. Finally, if two subspaces D, D' C 
C°°{X\,TX]J satisfy the requirements of the theorem, then so does D + D', and this 
allows to prove that the definition of Aa(/3) is independent of the choice of D. 

5. Proofs of Theorem 1.1, Corollary 1.2 and Theorem 1.4 

5.1. Proof of Theorem 1.1. Without loss of generality we can assume that m is 
not contained in h{Z'). Let A be big enough so that for any A' > A the inclusion 
L\r : Xj^, — > -'^A'+i induces an isomorphism between (2n — 2) -dimensional cohomology 
groups. Then we can identify H^^i^l, {X X X) with iy^" ^(^1) i'^ such a way that 
[Ac*] corresponds to [Ac*]a- Let J G J be arbitrary. Pick some small e > so that 
{m — e,m + e) is disjoint from h{Z'). Then the subset 

KX = {xeVj\{hx h){^j,A{x)) G (m - e, m + e)^} 

carries a natural structure of smooth manifold because any point x G 'P™a contained 
in E\ X51X51 (5*^ X Cj°) and (3) in Theorem 3.1 (combined with local trivializations of 
£'a B\) provides local charts of neighborhoods of x. Furthermore, P^a is an open 
neighborhood of V]^ = H~^{m, m), where H : P™a {m — e, m + ef' is the map sending 
any x G V^'l to {h x h){(bj^t^{x)). Since if is a submersion, Vy'f^ is a smooth manifold 
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and the map 

^J,A : ^ h-\m)l = x^i.^i {h-\m) x h-\m)) (5.11) 

represents as a pseudocycle the image of the cohomology class [Ac*] a under the restric- 
tion map H*{Xl) H* {h"^ {m)\) . The map (5.11) is an immersion, because h~^{m) 
contains no fixed points (it fails to be injective at the preimages of pairs {x, y) e h~^{m)\ 
where x, y belong to an orbit whose stabiliser is nontrivial). Hence the pseudocycle rep- 
resented by (5.11) can be identified with the Poincare dual (PD) of the homology class 
represented by 

A„,A = {{x, y) e h-\m)l \S^-x = S^-y}. 

Consider the map 

TT : h {'ITT') A ^ -^A ^ ^ Ym ^ Ym X Y^, 

where the first map is induced by the quotient h~^{m) — >• h~^{m)/S^ = Y^ and the 
latter map is the projection, and denote by 

the morphism induced by tt, which for A big enough is an isomorphism. Since tt is a 
submersion of orbifolds and we can identify Aj„ a = 7r~^(A^), we have 

PD([A^,a]) = /PD([A^]). 

That this standard argument in differential topology works in the context of orbifolds 
follows from the realization of Poincare duality in terms of differentiable forms, as in §6 
of [BT] (recall that the de Rham complex for orbifolds is defined in terms of smooth 
invariant forms on local uniformizers which patch together in the obvious sense). This 
finishes the proof of Theorem 1.1. 

5.2. Proof of Corollary 1.2. We will need the following result. 

Lemma 5.1. Take any decomposition [A^] = ® /' G H*{Ym) ® H*{Ym). For any 
cohomology class a e H*{Ym) we have 

J2[J^ aUe^^r = a. (5.12) 

Proof. This is well known in the case of smooth manifolds. The same proof as given for 
example in p. 127 of [BT] translates word by word to the context of orbifolds via the 
use of local uniformizers. □ 

We now prove Corollary 1.2. Take any decomposition 

[Ac*] = Y,e,^ri'e H*s^ (X) ® H*i (X) 

and let a e H*{Ym) be any cohomology class. The Kirwan map is compatible with 
Kiinneth in the following sense: given any class 5 e Hgi^gi{X x X), if we write S — 
^ Q;j®/3* using the decomposition (1.1), then k^{S) — ^ Km{oii) <S> Km{P^) ■ In particular. 
Theorem 1.1 implies that 

^ (8) i^miv') = [AJ. (5.13) 
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It follows from the definition of I that 

Applying Km to both sides, taking into account (5.13) and using 5.1, we compute: 



Hence Corollary 1.2 is proved. 

5.3. Proof of Theorem 1.4. We first prove that k'^^[Ac*] = [A;„], where [A^^] is the 
Poincare dual of the diagonal class in Y^. For that it suffices to check that the vector field 
Vh is transverse to h'^^{m) and to apply the same arguments as in §5.1. The definition 
of h' given in [LeTo] depends on some choices (which do not affect the map Hm) and we 
will prove the required transversality when h' is a small enough perturbation of h (we 
might need a smaller perturbation than [LeTo]). Away from a neighborhood of the fixed 
point set in h~^{m) the function h' coincides with h, so its m-level set is transverse to 
V/i. So it suffices to look at a neighborhood of some fixed point component Y C h~^{m). 

Let N ^ Y he the normal bundle of the inclusion Y (Z X, with its induced complex 
hermitian structure. The action of induces a splitting in complex subbundles N — 
V+ ®V- = iy^ e • • • e V+) ® (l/f © • • • e V^) and 5"^ acts on with weight ±\f 
for some positive integers A^, . . . , Aj", . . . . There are neighborhoods U d X oi Y and 
Un N of the zero section of N and a diffeomorphism f : Un ^ U such that for any 
{v'^, v~) — {vi, . . . , v'^, , . . . , v^) e C/jv we have h o f{v'^, v") — m + Wv^W^ — 
where Wv^W^ — J2i '^tll'^tW'^ ^^'^ — Z^j '^jH^/H^' 

Vh o /(^+, V-) = 2{Xtvt, . . . , A>+, -Art-r, . . . , -Kv];) + 0{\\v^f + \\v-\\'). 

Assume that for some S > the set {{v~^,v~) G | Hi'^H^ + H'i^^lP < 35} is contained 
in Un. Let p : E — > M a smooth function with p' < 0, p{t) — 1 for t < S and p{t) — for 
t > 25. Take e G M \ {0} with |e| < minjsup |p'(t)|, S}, and require e to be positive if and 
only if rk < rk V~~ . Then the restriction of h' to U is defined as m + o where 

Hence we need to prove that if {v~^,v~) satisfies + H'i^^P < 35 and (f){v~^,v~) — 0, 

then d4>{v~^ ,v~){'Vh o /) > 0. Using 4>{v~^,v~) = one computes 



\ i j 



Ifjll' I +0(||i.+||= + ||i.- 



The first expressions in big parenthesis is not less than the second one, and nonzero if 
4>{v~^, v~) = 0, so if the O term was absent then we would have d(p{v~^, v~)(Vh o /) > 0. 
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Picking S small enough and |e| < sup |p'|/2, the O term will be smaller than the first two 
terms, so the gradient will still be > 0. This finishes the proof that «;^^[Ac*] = [^mi- 
Arguing as in the proof of Corollary 1.2 we deduce from /s:^^[Ac*] = [A^] that the 
element {PD' Id) o ® Id)[Ac.] (where PD' : H*{YJ^) H^''-^-* (Y^)* denotes the 
Poincare duality map) corresponds to a map : H*{Y^) — H^i{X) which is a right 
inverse of k'^. By an argument in hnear algebra (/^ (8) Id) o (PD' (8) Id) o (n'^ (g) Id) [Ac*] 
corresponds to := l'm° fn '■ IH*{Y^ Hgi{X), which is a right inverse of Km = 
Jh^ o k'^. Recall that PD : IH*{Ym) ^ I H^"-^-*{Yrn)* denotes the Poincare duality 
map. Since preserves the intersection pairing we have o PD' = PD o /^^, so 

[Ph ® Id) o [PD' ® Id) o [k'^ ® Id) [Ac*] = {PD ® Id) o (/-I ® Id) o {k'^ ® Id) [Ac*] 

= {PD Id) o {nm ® Id) [Ac*]. 

This proves the theorem. 

5.4. An example. Let 7 : R — > X be a gradient fiow fine of h such that 

lim h{'y{t)) — sup/i and lim h{'y{t)) — inih. 

>— 00 t— >oo 

Then E = ■ 7(M) C X is an 5'^-invariant 2-dimensional sphere embedded in X, which 
defines an equivariant cohomology class a e i^^i^^(X) (for example, taking any finite 
dimensional approximation X\ = S'a X51 X, we define a\ e H'^''^~^{Xa) as the Poincare 
dual of Sa X51 E; making then A go to 00, the classes a\ define a unique class a). The 
class a is independent of the choice of 7. 

One can prove that for any regular value m G iM we have ljn{PD\pt]) = a. This implies 
in particular that if m' e iR is another regular value then the map 

K^, o : H^"-\YJ ^ H'^-\Y^,) 

is an isomorphism of vector spaces. An immediate consequence is that 1^ is not in general 
a morphism of rings. Indeed, if Im were a morphism of rings then Km' o Im would also be a 
morphism of rings. But one can construct examples in which Y^ is the blow up of Ym' at 
a point and in this case, denoting by e G H'^iYm) be the Poincare dual of the exceptional 
divisor, it can be checked that Km' ° /m(e) = 0. However, e"~^ 7^ 0, so Km' ° /^(e""^) 7^ 0. 

6. Actions of compact tori of arbitrary dimension 

We now sketch how to generahze the previous constructions in order to prove Theorem 

1.5. Fix a subgroup c:^ Tq C T such that the To-fixed point set coincides with the T- 
fixed point set and take a basis u = {ui, . . . , Ug} of t. For each / let Xi denote the vector 
field generated by the infinitesimal action of ui. The hypothesis on Tq implies that for any 
two connected components F', F" of the zero set of satisfying /' = {fi{F'),ui) < f" = 
{fi{F"),ui) there is some f < a < f" such that the set Xa = {x E X \ {fj,{x),ui) = a} 
does not contain any To-fixed point. Indeed, by hypothesis a To-fixed point is a zero of 
Xi, and the set of values of the function {fi{-),ui) evaluated at zeroes of Xi is finite. 

Since To-stabilizers of the points in the level sets Xa are all finite, we can construct 
To-invariant multivalued perturbations of the equation 7' = —IXi supported near the 
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sets of the form Xa, just as we did in the case of actions of the circle. Thus we get a 
finite dimensional space of perturbations J and, for any 1 < I < q and any J G J, a 
space Ci^j parameterizing oriented chains of J-perturbed gradient segments of {/i, ui) , as 
in §2.4. We can also define, generalizing §3.3, the spaces 

Cj = {(Ki, . . . , K,) e Ci,j X • • • X Q,j I 6(K,+i) = e(K,)}, 

Vj = T X Cj, the maps (6, e) : Cj ^ X x X sending (Ki,...,Kg) to (6(Ki), e(Kg)) 
and Qj : Vj ^ X X X sending {9, Ki, . . . , K^) to {9 ■ b(Ki), e(Kg)), and the action of 

TxT on Vj defined as {a, f3) ■ {9,Ki, . . . , Kg) = {ap-^9, /? ■ Ki, . . . , /3 • Kg). Define also 
for any natural r > the set Cj as the union, over all tuples ri, . . . ,rq of nonnegative 
integers adding r, of the sets Cj n {Cl^j x ■■■ x C^j). Finally, let = Cj n (C^'j x 

• • • X j) and define the weight of (Ki, . . . , Kg) G Cj*^ to be the product of weights 
weight (Ki) . . . weight (Kg). 

As in the case of there are finite dimensional approximations of the universal bundle 

ET X ET BT X BT of the form E{^ (which are the g-th Cartesian product of 

the corresponding fibrations for S*^), for any natural number A, and we can consider the 
fiberwise product Pj^a = -^A XtxT "Pj aud the map $ja : "Pj.a X\. 

Theorems 3.1 and 3.3 generalize straightforwardly to the present situation with a few 
modifications which we now explain. The parametrization of neighborhoods of Cj given 
by Theorem 3.1 will be given by manifolds of dimension 2n + q. Similarly one should 
modify the dimensions given in Lemmata 4.1 and 4.2 by adding q — 1 m each case. 
Finally, Lemma 4.3 should be generalized as follows. Let Ti C T be a subgroup such 
that T — Tq X Ti. Then the omega limit set of the map $j,a : Vj^k — ^ X\ can be 
covered by the images of smooth maps with domains of the form x Ti x C}, where 
has the same meaning as in Lemma 4.3. This still implies that the omega limit set has 
codimension > 2 and hence allows to prove Theorem 3.3. 

As in §3.4 one can make A go to oo and obtain a cohomology class 

[Ac°'^] e hII-t'\x X X). 

To check that this class is independent of the basis u note: (1) if wc replace . . . , u^} 
by {—Ml, . . . ,Mfc} then wc get trivially the same cohomology class and (2) two different 
basis are homotopic up to reversing orientation. By an easy deformation argument 
similar to (4) in Theorem 3.3 we deduce the independence on u. 

Finally, the same arguments as in the proof of Theorem 1.1 (see §5) allow to prove 
that kI{[A^^]) = [A„] 
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